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Abstract: Derivatives are often a person’s introduction into the world of calculus. And it makes
sense. Derivatives are really just an extension of the concepts learned in algebra, trigonometry, etc.
However, | think the finer points of derivatives are often overlooked.
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Introduction

The concept of a derivative is a fundamental principle in calculus and plays a crucial role in various
fields such as mathematics, physics, economics, and engineering. A derivative represents the rate of
change of a function with respect to its independent variable, providing a mathematical framework for
understanding dynamic systems and optimization problems. The derivative is primarily defined as the
limit of the difference quotient, which measures how a function’s output changes as its input varies.
This concept is essential in analyzing instantaneous rates of change, such as velocity in physics,
marginal cost in economics, and sensitivity analysis in finance. Moreover, derivatives are widely used
in solving optimization problems, modeling growth and decay processes, and predicting trends in real-
world applications. This study aims to explore the definition, properties, and applications of
derivatives, highlighting their significance in both theoretical and practical contexts. By examining the
fundamental principles of differentiation and its role in mathematical modeling, this research provides
a deeper understanding of how derivatives contribute to various scientific and technological
advancements. There are two common ways of notating a derivative: Newton notation and Leibniz
notation.
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Methodology

The notations are named after Issac Newton and Gottfried Wilhelm Leibniz, respectively. In Newton
notation, the derivative of f(x) is denoted as

Derivative of f(x): f'(x)

and in Leibniz notation, the derivative of f(x) is denoted as

Derivative of f(z): %

There are benefits and downsides to both notations. Newton’s notation is simpler whereas Leibniz
notation provides the “units” or variable with which we are differentiating. Leibniz notation is
especially helpful in engineering or scientific applications since units (time, distance, etc.) are
especially important.

Both notations are often used interchangeably. It is more of a personal preference regarding which
notation you use. There are benefits and downsides to both notations. Newton’s notation is simpler
whereas Leibniz notation provides the “units” or variable with which we are differentiating. Leibniz
notation is especially helpful in engineering or scientific applications since units (time, distance,
etc.) are especially important. Both notations are often used interchangeably. It is more of a personal
preference regarding which notation you use. Okay, let’s get started! We know how to notate a
derivative, but what is it? A derivative is an instantaneous rate of change with respect to one or
more variables of a function. Let’s examine each part of this definition

Results and discussion

“...instantaneous...”: when we determine the derivative, we are evaluating the change at a specified
point rather than the average rate of change over the entire function.

“...rate of change...”: we have encountered rate of change in algebra when we determined the slope
of a given line.

“...with respect to one or more variables...”: in single variable calculus, we analyze functions of
one variable (e.g. f(x)), but a derivative is not limited to single variable functions. We can take
derivatives of functions with N number of variables (e.g. f(X, y, z)).

Simply put, we are finding the slope of the tangent line at a particular point. It measures the variation
of slope as the point progresses along the curve.

Geometric and Algebraic Interpretation
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f(x)

Let’s start with a simple curve produced by the function f(x). The actual function itself doesn’t
matter, but let’s assume it produces the curve above.

f(x)

[~ Secant Line

o
L

Next, let’s create an arbitrary secant line that crosses at points P and Q. We will denote this as PQ.

What happens as we bring points P and Q closer and closer together?
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f(x)

" Secant Line

4

Notice that the distance between P and Q shortened. What if we kept bringing P and Q closer
together? What happens to the distance between P and Q? Eventually, P and Q would become one
point! However, a line that touches a function at one point is a tangent line. Therefore, we can say
that the slope of the secant line as the distance between P and Q approaches zero is the definition of
a derivative at that point! Let’s see this in algebraic form using limits.

df .. flz+ Az)— f(x)
dr alal:go Az

Conclusion

The above expression looks a bit different and it is missing P and Q. However, notice that it still
represents what we have already discovered. Let’s look at the numerator first. This is simply a
rewriting of the values at Q and P, respectively. P is simply the function evaluated at x and Q is the
function evaluated at x plus some small change in x. The denominator is the change in x from P to
Q. Then, decrease the distance between P and Q (or take the limit) as the change in x approaches 0.
Notice that the definition of a derivative is simply the traditional “rise over run” definition of the
slope. It is algebra disguised at calculus. The only difference is that we are taking the distance
between two points of a secant line, shrinking the distance at infinity, and then finding the slope of
the now tangent line. Both notations are often used interchangeably. It is more of a personal
preference regarding which notation you use. There are benefits and downsides to both notations.
Newton’s notation is simpler whereas Leibniz notation provides the “units” or variable with which
we are differentiating. Leibniz notation is especially helpful in engineering or scientific applications
since units (time, distance, etc.) are especially important. Both notations are often used
interchangeably. It is more of a personal preference regarding which notation you use. Okay, let’s
get started! We know how to notate a derivative, but what is it? A derivative is an instantaneous
rate of change with respect to one or more variables of a function. Let’s examine each part of this
definition
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